still rather poor in comparison to InP based mid-infrared QCLs, which can lase in CW regime at roomtemperature [11] . To improve the performance of GaAs QCLs and understand better the physical limitations of particular designs, further investigation of the influences of relevant physical and technological parameters are required [12, 13] .
Recent experience in the design of novel QCLs clearly shows that systematic and compact theoretical modelling is a necessary step towards effective practical implementation, improvements of the existing structures, and the understanding of physical processes within. These includes Monte-Carlo simulation of mid-infrared [14] and terahertz [15] [16] [17] devices, nonequilibrium Green's function formalism [18, 19] , as well as self-consistent rate equations model [20] [21] [22] . Most recently this work is shifting towards designing THz QCL structures based on different material system [23] [24] [25] .
THz QCLs based on GaAs/AlGaAs are not capable of emitting in the energy range around the longitudinal optical (LO) phonon energies ($ & % ¤ ' " § meV in GaAs), leaving the gap in the spectral scale between 30 and 40 ¥ m. This can be overcome with the use of GaN/AlGaN which has significantly larger LO phonon energy ($ % ( ' ) © meV) and very fast carrier dynamics, commonly considered to be a good candidate for the near-infrared intersubband applications.
On the other hand, recent success in realisation of GaAs/AlGaAs THz QCLs has intensified research efforts to realize analogous devices in Si/SiGe strained-layer technology. The possibility of monolithic integration of silicon based electronic and optoelectronic components is a strong incentive for this research. It is presently considered that 0 -type Si/SiGe structures are more promising candidates for QCLs than 1 -type ones, because the valence band takes a larger share of the band gap discontinuity at heterostructure interfaces. Evolving from the earlier proposals of suitable structures [26] , the present status of the research includes the demonstration of successful growth of long Si/SiGe cascades, and observations of electroluminescence in the THz range [27, 28] . A bias-tunable emission wavelength has also been obtained [29] , although full laser operation has yet to be achieved.
2 The model Consider a QCL structure with a large number of periods (each containing of multiple quantum well) in an externally applied electric field. The energy spectrum is formally continuous, but to a very good approximation can be considered as consisting of quasi-discrete states (resonances). Based on the wavefunction localization properties, these states can be associated to different periods of the QCL, so that each period has an identical set of 2 states in the energy range of interest. Electron scattering occurs between states within the same period, and between states associated to different periods, the latter clearly becoming less effective for more distant periods because of reduced wavefunction overlap. Assuming an identical electron distribution in each period, one may consider some 'central' period and take its 3 nearest neighbours on either side, and write the scattering rate equations in the steady-state [20] : 
E
, macroscopic parameters of the system like current density and gain can be calculated. The scattering time
is a function of both 1 w
, the initial and final subband populations, hence, this set of equations has to be solved self-consistently using an iterative procedure. At equilibrium, the rate at which the electron distributions gain kinetic energy (relative to the particular subband minimum) through scattering, will balance with the rate at which they lose kinetic energy to the lattice. Despite the fact that electron-electron scattering is elastic as far as total energy is concerned, intersubband electron-electron transitions do convert potential energy into kinetic energy (or vice-versa). From the viewpoint of this work this would lead to an increase c x (decrease) in the total kinetic energy of a subband population, because the potential energy as defined here includes the quantised component of the kinetic energy. Hence, the kinetic energy balance condition in case where only electron-LO phonon and electron-electron processes are included, can be written as [21] :
where
is the subband separation, and the change in energy $ is equal to I $ for phonon emission (em.),
T $
for phonon absorption (abs.) and zero for electron-electron (e-e) scattering. Hence, y P is net electron-LO phonon, and y P is net electron-electron contribution in the balance equation. The method is easily extendible in case that other scattering mechanisms (electron-acoustical phonon, impurity and alloy scattering, etc.) should be taken into account. The next step of the procedure, is to vary the electron temperature (assumed to be the same for all subbands) until the kinetic energy balance equation Eq. (2) is satisfied self-consistently.
The current density can be calculated by subtracting the current density component due to electrons scattering into the next periods of the QCL from the component due to electrons scattering back. If we put a reference plane somewhere in the injection barrier of the central period, the current density flowing throught that cross section can be written as:
The factor t in the summation, effective for non-nearest-neighbour scattering, comes from scattering from any QCL period left of the centre period into any period right of it, or vice versa (i.e. skipping the central period, but going through the reference plane). In order to reduce the number of scattering rate processes necessary to calculate the electron distribution and the corresponding current density (note that the number of total scattering rate processes is equal to
), we introduce the 'tight-binding' approximation assuming that only a few closest neighbors interact, and set 3 r k i
. The choice of quantum scattering mechanisms depends on the material and doping density, as well as wavelength. For example in the novel GaAs-based THz QCLs the energy separation between most of subbands is smaller than the LO phonon energy and electron-electron scattering becomes the dominant scattering mechanism, hence necessitating a large number of possibly relevant scattering processes to be accounted for [22] . To extract the output characteristics of QCLs, one has to change the electric field l (i.e. the applied voltage) and calculate the modal gain m o n and the total current density for each value of the field.
3 Application Electric field vs current density characteristics at lattice temperature p r q h s s r t i © u is shown in Fig. 1a for original terahertz QCL [1] . Under the assumption p r p q 8 s s (doted line), the l I curves show current density saturation and negative differential resistance (NDR) features at very low currents, which are not consistent with experimental results [1] . We find with the calculation (solid line), which includes the energy balance, but when only electron-electron and electron LO phonon scattering are included, that current is predicted to saturate at constant and close to the lattice temperature, see Fig. 1a dashed line. These results are in qualitative agreement with recent measurements although in a different THz QCLs structure, based on direct LOphonon depopulation [13] , and also with recent Monte-Carlo simulation of the same device [17] .
A fully optimized design of a £ m GaAs-based mid-infrared QCL (see inset of Fig. 1b ) based on the mechanism of double-phonon resonance depopulation (2LO QCL) of the lower laser level, (successfully implemented in continuous wave room-temperature InP-based mid-infrared QCL [11, 32] ), has been grown at the Paul Drude Institute, Berlin [33] . A very good agreement between the calculated and measured current-voltage characteristics of the device was obtained, and between the calculated and measured threshold current at 77K (¡ Fig. 2a , assuming the both a-and c-plane crystal growth orientation [34] . The Al content in the barriers is 25% in the a-plane (structure I) and 20 % in the c-plane (structure II) structure. To achieve full strain balance [34] , these structures should be grown on (virtual) substrate with
AlN, though the more common pure GaN substrate is also acceptable because of low average content of AlN in the cascade stack. The strain conditions in layers influence the potential (piezoelectrically), and this was accounted for [34] .
The quasi-bound energies and associated wavefunctions are calculated with the intrinsic electric field induced by piezoelectric and spontaneous polarization for c-plane and only piezoelectric component for a-plane design included. The QCL structures were simulated and output characteristics extracted using fully self-consistent scattering rate equation model with all relevant intra-and inter-period scattering included. Both electron-LO phonon and electron-electron scattering mechanisms are taken into account. The population inversion up to ¦ j AE for a-plane and up to ¦ ® j AE for c-plane design is found resulting in feasible laser action [23] . These assumptions were confirmed by comparison between calculated modal gain and estimated waveguide and mirror losses, see Fig 2. To compare the performance of the various simulation methods, example calculations have been performed for a simple : 0.8, 3, 0.6, 3.5, 1, 6.5, 0.6,  11.2 for structure a) and 0.7, 3, 0.6, 3.9, 0.8, 7, 0.6 has just two low-lying subbands per period, the ground (HH1) and the first excited (LH1) subband, spaced by 27.5 meV, with the next (HH2) subband being much higher. In a biased cascade the alignment of the HH1 subband from the "preceding" (higher) well and the LH1 subband of the next (lower) well, both at zone centre, occurs at a field of 42 kV/cm. The structure may be interesting as a possible QCL design where the lasing transition would be the inter-well HH1× LH1(R), occurring at biases above 42 kV/cm (the energy of this transition is field-tunable), while the intra-well LH1× HH1 is the relaxation transition, emptying the lower laser state (Fig. 3a) .
We have analysed this structure using the rate equations method with thermal balancing and, for comparison, with both the Monte Carlo (MC) method and simple rate equation approach [35] . Results were obtained from the simple rate equation method using two approaches: firstly, the subband carrier temperatures were simply assumed equal to the lattice temperature, and secondly, these temperatures were obtained from our Monte Carlo simulations, for each value of electric field. One of the main differences between the MC and rate equations methods is that the carrier distribution functions in each subband are generated self-consistently in the MC simulation, whereas they are always assumed to be Fermi-Dirac like in the rate equations approach. Therefore, subband carrier temperatures cannot be precisely defined from the MC results, and the temperatures supplied to the simple rate equation model were derived from the average kinetic energy in each subband. The results for the current density and the LH1 subband population are shown in Fig. 3b . Hole-hole scattering was not included in these calculations. The general trend of the results from all four methods is similar at moderate fields. The agreement between the simple particle rate equation approach with
and the other methods is worst overall, because this method completely neglects carrier heating effects. Given that the hole temperatures lie in the range 100-300K, depending on the field, and that p r Ø r Ø and p Ø can differ by up to 100K, this is clearly not a good approximation.
The differences between the MC results and those from the rate equation method with MC-supplied carrier temperatures highlights the influence of the carrier distributions. The MC calculation shows that actual distributions differ considerably from the Fermi-Dirac form. In particular, the HH1 subband has a larger fraction of holes with small Ù Û Ú Ú than would correspond to a Fermi-Dirac distribution with the same temperature, whilst the opposite applies to the LH1 subband. This is related to the fact that HH-LH mixing is small for 4 Conclusion In summary we reviewed the method for physical modelling and describe its application to design and optimisation of mid-infrared and terahertz, GaAs, GaN, SiGe cascade structures. A self-consistent energy balance method for the simulation of electron transport in GaAs/AlGaAs and GaN/AlGaN and hole transport in 0 -Si/SiGe quantum cascade structures has been developed and used to study carrier dynamics in the structures. The scattering mechanisms included in the model are electron-LO phonon, electron-electron in n-type structures. Particularly, for GaAs THz QCL interface roughness and impurity scattering mechanisms are included as well. The alloy disorder, acoustic and optical phonon scattering, and hole-hole scattering are included in p-type structures, accounting for the in-plane anisotropy of both the hole subband structure and the scattering rates.
The calculation for the GaAs-based QCLs is in very good agreement with the experimental data. In a prototype of GaN and SiGe-based THz cascade structures calculation shows that the lasing action of such structures is feasible, however their realisation is still technologically challenging process.
